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Abstract: In this paper, the sound invisibility performance is discussed for spherical cloaks. The original domain consists of an
alternation of concentric layers made from piezoelectric ceramics and epoxy resin, following a triadic Cantor sequence. The spatial
compression, obtained by applying the geometric transformation, leads to an equivalent domain with an inhomogeneous and
anisotropic distribution of the material parameters
Keywords: Transformation acoustics, Cantor sequence, Acoustic cloaking.

1. INTRODUCTION

Substantial recent progress has been made in the application of the geometric transformations is designing of
metamaterials, which are subwavelength scale materials having anisotropic and heterogeneous parameters. A finite size
object surrounded by a coating consisting of a specially designed metamaterial would become invisible for
electromagnetic waves at any frequency [1], [2]. In acoustics, the idea of the invisibility cloak is that the sound sees the
space differently [3]. For the sound, the concept of distance is modified by the acoustic properties of the regions through
which the sound travels. In geometrical acoustics, we are used to the idea of the acoustical path; when travelling an
infinitesimal distance ds , the corresponding acoustical path length is -1dc s , where 1 /c     with   is the fluid
density and   is the compression modulus of the fluid [4]. The 3D acoustic equation for the pressure waves
propagating in a bounded fluid region 3R   is
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where p  is the pressure,   is the rank-2 tensor of the fluid density,  is the compression modulus of the fluid, and  is

the wave frequency.
If we consider the geometric transformation from the original coordinate system ( , , )x y z to the compressed space
coordinate system ( , , )x y z   , given by ( , , )x x y z , ( , , )y x y z  and ( , , )z x y z , the change of coordinates is characterized
by the transformation of the differentials through the Jacobian x xJ  of this transformation
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From the geometrical point of view, the change of coordinates implies that, in the transformed region, one can work
with an associated metric tensor [5-8]
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In other words, we can replace the material from the original domain (homogeneous and isotropic) by an equivalent
compressed one that is inhomogeneous (its characteristics depend on the spherical ( , , )r     coordinates) and
anisotropic (described by a tensor), and whose properties, in terms of x xJ  , are given by

T 1 det( )x x x x x xJ J J 
      , det( )x xJ    , (4)

or, equivalently, in terms of xxJ 
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where   is a second order tensor [9]-[12]. In this paper, we apply the 3D concave-down transformation [9, 13] which

compresses a sphere of radius 2R  in the original space   into a shell region 1 2R r R   in the compressed space 
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where the number 0.1 denotes the degree of the nonlinearity in the transformation. This transformation is applied in
order to design a spherical cloak which surrounds a noisy machine (Fig.1). The original domain is a sphere of radius 2R ,
consisting of an alternation of concentric layers made from piezoelectric ceramics and epoxy resin, following a triadic
Cantor sequence. After the transformation, the cloak contains a region 1r R  which is filled with air and contains the
noisy source, while the shell 1 2R r R   is filled by the nonlinearly transformed material.

Figure 1: Spherical cloak surrounding a noisy machine

2. SPHERICAL ACOUSTIC CLOAK

The goal of this paper is to replace a material made from concentric homogeneous and isotropic layers situated in the
original spherical domain by an equivalent compressed inhomogeneous anisotropic material described by the
transformation matrix (3) [13]. Recent advances in metamaterials are encouraging for such an approach to constitutive
parameters required for cloaking. Metamaterials are materials with subwavelength microstructures that are designed to
have desired physical and acoustical properties. Despite the latest advances in metamaterials, we do not currently have
the ability to manufacture a cloak with ideal constitutive parameters [12].
The versatility of geometric transforms bridges wave phenomena (the different colours of waves) ranging from
electromagnetism and optics to acoustics [6]. The Helmholtz equation is able to reveal the invisibility scene and the
wave colours in acoustics.
We consider that the original domain  is a sphere of radius 2R . The sphere consists of an alternation of concentric
layers made from piezoelectric ceramics and epoxy resin, following a triadic Cantor sequence up to the fourth
generation. A sketch of this material is represented in Fig.2. The dashed regions are occupied by piezoelectric ceramics,
while the white regions are occupied by epoxy-resins.
The motivation of this choice goes back to [14]-[17] where it is shown the experimental evidence of extremely low
thresholds for the subharmonic generation of ultrasonic waves in one-dimensional artificial piezoelectric plates with
Cantor-like structure, as compared to the corresponding homogeneous and periodical plates. An anharmonic coupling
between the extended-vibration (phonon) and the localized-mode (fracton) regimes explained this phenomenon. The
aforementioned authors proved that the large enhancement of nonlinear interaction results from the more favorable
frequency and spatial matching of coupled modes (fractons and phonons) in the Cantor-like structure. The equations
which govern the subharmonic ultrasonic wave phenomenon were solved by using the cnoidal method, which employed
the cnoidal wave as the fundamental basis function [18]-[20]. Cnoidal waves are much richer than sine waves, i.e. the
modulus m of the cnoidal wave ( 0 1m  ) can be varied to obtain a sine wave 0m  , Stokes wave ( 0.5m  ) or soliton
( 1m  ).
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Figure 2:  The Cantor-like structure [20]

The idea is to apply the transformation (6) to the governing equations of the Cantor like plate, which can be reduced to
Helmholtz equations [13]. The property of Helmholtz equation to be invariant under geometric transformations is
exploited in order to transform an original domain made of an initial material, into a shell domain made of a new
inhomogeneous and anisotropic material.
The results show that the new materials can cloak regions of space, making them invisible to sound. We refer to
acoustic cloaking which occurs when a medium contains a region in which noisy objects can be acoustically hidden.
This transformation compresses the original domain   occupied by a sphere of radius 2R  into a shell region

1 2R r R   in the compressed space   , characterized by
1 T 1

, ,( ) ( ) / det( )p e rr p r rr rrr J r J J 
      , 1 T 1( ) ( ) / det( )rr rr rrr J r J J 

      , /rrJ r r    , (7)

For numerical simulations, we consider that the cloak has the inner radius 1 0.5mR  and outer radius 2 1mR  , with a
noisy machine situated inside the shell of the cloak.  The parameters of the acoustic-metamaterial shell can be obtained
accprding to the geometric transformation (6) and (7). The absence of the scattering of waves generated by an external
source outside the cloak is observed in Fig. 3. The waves are smoothly bent around the central region inside the cloak..

Figure 3: Wave field inside and outside the cloak [13]

The results reported in Fig.3 show that the wave field inside the cloak, i.e. the inner region of radius 1R  which surrounds
the noisy machine, is completely isolated from the region situated outside the cloak. The waves generated by a noisy
source are smoothly confined inside the inner region of the cloak. The inner region is acoustically isolated and the
sound is not detectable by an exterior observer because the amplitudes on the boundary vanish. The domain 1r R  is an
acoustic invisible domain for exterior observers.
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The waves generated by the exterior source outside the cloak do not interact with the interior field of waves. Actual, the
invisibility cloaking means coating of an object with a special material so that sound goes around the object. Then the
coated object is acoustically invisible. Fig.3. shows the behavior of the sound rays around a coated noisy machine.
A possible interaction or coupling between the internal and external wave fields is cancelled out by the presence of the
shell region 1 2R r R  filled with metamaterial, as we see in Fig. 4. In this figure, the interaction of wave is simulated
on the surfaces 1R R  and 2R R , respectively. The color does not mean the intensity of the wave, but only the
possible near-field interaction of different waves. The result of this interaction explained the noise machine shielding.

Figure 4: Near-field wave interaction on the surfaces 1R R  and 2R R , respectively

Figure 5: Wave field inside and outside the cloak in the absence of the noisy machine

Figure 6:  Wave field inside of the shell

Fig. 5 shows the simulated wave field in the absence of the noisy machine in the interior of the shell. In this case, the
interior of the shell is completely isolated from the region situated outside the cloak.
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We can believe that the geometric transformations can be used in designing new materials. By manipulating the spatial
compression, different performances can be achieved under inhomogeneous and anisotropic materials that might be
useful in the design of elastic cloaking devices [21].
Fig. 6 illustrates the wave amplitudes u  inside of the shell. Seeing this figure, we notice that the wave field for

0.5mr  is decreasing in amplitude for 0.5m 1mr  . Obviously, the waves generated inside of the cloak are
smoothly confined inside of the inner region of the shell. The inner region is acoustically isolated and the sound is not
propagating outside of the shell because the amplitudes on the boundary almost vanish. The domain 1r R  is an
acoustic invisible domain for the exterior observers.

3. CONCLUSION
In summary, the theory of the acoustic cloak is the key of designing the acoustic metamaterials. Such materials would
do for sound what the acoustic invisibility cloak does for microwaves, allowing sound waves to travel seamlessly
around it and emerge on the other side without distortion. The research on acoustic metamaterials began in the year
2000 with the fabrication and demonstration of sonic crystals in a liquid [22]. The results show that the metamaterials
can cloak regions of space, making them invisible to sound. We refer to acoustic cloaking which occurs when a medium
contains a region in which noisy objects can be acoustically hidden.
The existence of an acoustic cloaking indicates that cloaks might possibly be built for other wave systems, including
seismic waves that travel through the earth and the waves at the surface of the ocean [7, 8], or to avoid sonar radars
which pick up on the noise that ships emit. Metamaterials could be also used in concert halls or even as a way to deal
with different noise [23-25].
Therefore, in order to design a particular property/sound trajectory, it is possible to design an inhomogeneous and
anisotropic material with prescribed material properties calculated through a particular geometric transformation.
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