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Abstract: Using interpolation methods to find the true harmonic component of a signal on an inter-line position in the
spectrum is a usual practice in frequency estimation. The disadvantage of this method is that the points on which the
interpolation is made have to be on the main lobe. Most researchers consider the maximizer and its biggest neighbor to
satisfy this requirement, but in many cases this presumption is false. We propose an algorithm that permits finding the two
points on the main lobe of the spectrum a certain number of samples. The evolution of the maximizer indicates which
neighbor belongs to the main lobe. The algorithm is tested successfully for signals generated with known frequency and
amplitudes. By estimating accurately the natural frequencies, the cracks can be detected in early stage by vibration-based
methods.
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1. INTRODUCTION

Damage assessment involving vibration-based methods require accurate frequency estimation. It is known that
modal parameters suffer small changes if a crack arises in the structure [1-4]. If the modal parameters,
frequencies in this case, are estimated with high accuracy, the occurrence of a crack can be observed in the early
stage and technical respective administrative measures can be taken in due time. To improve the frequency
readability, several signal post-processing methods were developed. Two types of approaches are known for fine
resolution frequency estimation: the direct approach and the iterative approach [5,6].The simplest methods
consider are direct methods, which base on interpolation made for two or three samples of the spectrum [7-14].
The frequency estimation made in this way implies negligible computational cost. In newer research it was
shown that the three points belong to two spectral lobes, two being located on the main lobe whereas the third is
always on a neighbor lobe [15]. Thus, the results obtained by interpolation are not that accurate as requested for
damage detection. On the other hand, the methods based on two points consider the maximizer and its biggest
neighbor. The position of the neighbor is not always on the main lobe, as shown in [15], so significant errors can
result. Also, this method leads to significant errors when the inter-line frequency is close to zero [16]. An
improvement of these methods is made in [17]. The iterative approach is more computation-cost extensive but
improves a little bit the precision of the estimation process, see for instance [18,19].

In prior research [20-23], we developed iterative methods based on the sinc and pseudo-sinc functions. In this
paper we introduce an algorithm that permits identifying the two spectral lines that belong to the main lobe. This
algorithm can be used both for direct and iterative methods. Since the frequencies can be estimated with high
accuracy, the algorithm significantly increase the applicability of vibration-based damage detection.

2. THE SPECTRAL LEAKAGE

The estimation of the frequency components of a signal supposes to convert the signal from the time domain into
the frequency domain. This is made by assuring amplitudes to different lines in the spectrum which are
equidistantly located. The distance between two spectral lines is nominated as frequency resolution and denoted
Af. If the position of a harmonic component fit the position of a spectral line, the energy of that harmonic is
allocated just on to this line and in consequence the frequency is correctly estimated. Else, the energy is spread
on several spectral lines, in order to ensure an output signal as close as possible to the original signal. In the latter
case, the estimation precision depends on the frequency resolution Af which is in inverse proportion to the signal
time length t. The maximal error that is expected if the frequency estimation is performed with Discrete Fourier
Transform (DFT) or other similar calculators is the half of the frequency resolution Af. It is important to mention
that the bigger the time length, the smaller the possible error.
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The position of the amplitudes of the DFT samples is given by the sinc function, that is:

sinc(x) = % (1)

A suggestive image on DFT samples, marked with black bullets for the maximizer and its neighbors and red
smaller bullets for the other samples, is given in Figure 1. The sinc function is represented with a green line. One
can observe that the samples fit this curve. The phenomenon is known as leakage.
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Figure 1: The DFT samples and the sinc function for the true frequency

Because no DFT sample is located at the frequency that corresponds to the true frequency fie, post-processing is
necessary to find fie. This is made generally by searching and adjustment value ¢ that is added or subtracted
from the measured frequency fn. To this aim, it is necessary to know with precision which samples belong to te
main lobe. Next section presents an algorithm to attain this information.

3. THE PROPOSED ALGORITHM

We start with analyzing the possible positions of the maximizer in regard to the other sample on the main lobe,
and check how it is replaced when several samples in the signal are removed. To not alter the analyzed signal,
these samples are artificially added to the original signal by zero-padding. Obviously, by removing several
samples from the signal, the frequency resolution increases and the maximizer is pushed to the right in the
spectrum. Figures 2, 3 and 4 show the possible evolution of the maximizer.

The first cases refer to the rare situation when the two samples on the main lobe have the same value. This
situation is treated separately for the maximizer in the left position and right position.
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Figure 2: Two identical maximizer are found in the spectrum: a) the left one is considered in the analysis; b) the
right one is considered in the analysis
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Figure 3: One maximizer is found in the spectrum: a) at the left side of the main lobe; b) at the right side of the
main lobe

A third case considers the maximizer on the left side of the main lobe. A signal crop produces an increase of the
maximizer, associated with a decrease of the other sample located on the main lobe. This case is shown in Figure
3.a. When the maximizer is positioned at the right side of the main lobe, a signal crop will produce the
maximizer decrease, associated with an increase of the amplitude of the other sample belonging to the main lobe.
This case is illustrated in Figure 3.b.
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Figure 4: Uncertainty in the evolution of the maximizer (a false decrease can be obtained)
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In the last possible case, the maximizer is located at the top of the main lobe. Thus, a crop of the signal can
produce an increase followed by a decrease. This is associated with the shift of the maximizer to another spectral
line that implies a precise assessment of the line on which the maximizer is located.
The parameters used the algorithm are:

- the frequency of the left neighbor of the maximizer for the zero-padded signal: x;

- the frequency of the maximizer for the zero-padded signal: x2

- the frequency of the right neighbor of the maximizer for the zero-padded signal: x3

- the frequency of the left neighbor of the maximizer for the original signal: x4

- the frequency of the maximizer for the original signal: xs

- the frequency of the right neighbor of the maximizer for the original signal: xs

- the amplitude of the left neighbor of the maximizer for the zero-padded signal: y:

- the amplitude of the maximizer for the zero-padded signal: y»

- the amplitude of the right neighbor of the maximizer for the zero-padded signal: y;

- the amplitude of the left neighbor of the maximizer for the original signal: y.

- the amplitude of the maximizer for the original signal: ys

- the amplitude of the right neighbor of the maximizer for the original signal: ys

- the number of samples to be added to the original signal by zero-padding: Nzp

- the number of the original signal: N
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Figure 5: The flowchart of the algorithm

Figure 5 shows the flowchart of the algorithm. The algorithm was implemented by the authors in a software
written in Python language, namely DFT SINC, that permits generating or importing a signal and estimating the
frequencies of the signal components with high accuracy by two methods: interpolation, developed in [24] and
sinc-based, developed in [25]. The software interface is shown in Figure 6.
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Figure 6: The DFT SINC interface

Tests made with DFT SINC have shown that the position of the DFT samples is always correctly recognized and
the frequency estimation is properly performed. An example for case 5, which is the most difficult to be solved,
is presented in Figure 7. In fact, it represents a zoom on the main lobe highlighting the position of the second
DFT sample. The maximizer is on the right side of the lobe, see Figure 8, thus we identified correctly that the
second sample is on the left lobe side.
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Figure 7: Zoom on the main lobe to highlight the position of the DFT sample with smaller amplitude
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Figure 8: Zoom on the top of the main lobe to highlight the position of the maximizer at the right lobe side

The insignificant error of positioning the sample on the curve plotted based on the sinc function also shows that
the frequency estimation is done with high accuracy. This is also observable in figure 8, where the frequency
5.01 Hz is indicated instead of % Hz, which is the frequency of the generated signal. Which such an accuracy in
frequency estimation, the detection of cracks in early state is made possible [26].

3. CONCLUSION

The paper introduces an algorithm to find the DFT samples that belong to the main lobe of the spectrum. It can
be used to find the point of interpolation for numerous frequency estimation methods that us the interpolation to
find the inter-line position of the true frequency. The algorithm was tested for numerous signals with known
frequency and proved to be reliable.
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