
 403

 

 

 

 The 3rd International Conference on ″″″″Computational Mechanics  
and Virtual Engineering″″″″ 

COMEC 2009 

29 – 30 OCTOBER 2009, Brasov, Romania   

    
 
 

ANALYTICAL METHODS FOR THE SOLUTION OF THE PLANE 

PROBLEM OF THE THERMOELASTIC EQUILIBRIUM 

 

Mircea Lupu
2
, Dumitru Nicoară

3
, Florin Isaia

1
, 

2
 Transilvania University of Brasov, Brasov, Romania, m.lupu@unitbv.ro 

3 Transilvania University of Brasov, Brasov, Romania, tnicoara@unitbv.ro 
1
 Transilvania University of Brasov, Brasov, Romania, florin.isaia@unitbv.ro 

 

  
Abstract:  In this paper, analytical methods for the solution of the plane problem of the thermoelastic equilibrium (PPTE) by 

means of complex functions are presented. Supposing that the thermal complex potential ( )zzt ,  and the thermoelastic 

displacement potential ( )zz,ϕ  are determined, one can compute the displacements, the deformations and the stress state in 

plates (plane sections) ( )
ijiji Tu ,,ε . Two problems are presented: the decoupled problem (P1) when the states 

( )
ijiji Tu ,,ε  are generated by the thermal field T  on the boundary (i.e. without mechanical loadings) and the coupled 

problem (P2) when the medium is subjected to thermal stress and mechanical loadings on the boundary. These studies made 
for the canonical domains (half-plane or circle) lead to boundary value problems with special boundary conditions for 

harmonic or biharmonic functions. These methods can also be applied to composite media. At the end of this paper, 

applications to half-plane or circle are presented. For more general domains, conformal transforms can be applied. 

Keywords:  thermoelastic, thermal potential, potential of displacements, biharmonic problem, analytical solutions. 

 

 

1. THE PLANE PROBLEM OF THE THERMOELASTIC EQUILIBRIUM (PPTE) 
 

Consider a homogeneous isotropic elastic medium in a state of plane thermoelastic deformation which parallel to 

the 21Oxx  plane, i.e. a state in which the displacement u
r
, the deformation ( )

ijε , the stress ( )
ijT  and the 

temperature T  depend only on ( )21 , xx  in the stationary case, on every cross section constx =3  

( )21 , xxuu ii = , 03 =u , ( )21 , xxijij εε = , 

( )21 , xxTT ijij = , ( )21 , xxTT = , 2,1, =ji , ( ) Dxx ∈21 , ,     (1) 

where D  is a bounded domain in 21Oxx  with the boundary denoted by C . The constitutive equations, the 

equations of thermoelastic equilibrium and the compatibility conditions are (see [2], [3], [5], [6]) 

( )( )
ν

α
νεε

ν +
−−

−
=

112 2

TEE
T jjiiii , 

( ) 1212
12

ε
ν+

=
E

T , 

( ) TTT
E

jjiiii ανε +−=
1

, 
( )

1212

12
T

E

ν
ε

+
= ,      (2) 

ijjiij uu ,,2 +=ε , iiii u ,=ε , 2,1, =ji , 

 

( ) 0,,, =−++ iijjjji Tuu αµλµ , 121211222211 ,2,, εεε =+ , 

( ) 0,, , =−++∆ iii Tu αθµλµ , 2211, εεθ +== iiu ,      (3) 

where µλν ,,,E  are the elastic coefficients and α  is the thermoelastic constant of deformation. 
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Generally, for the equilibrium equations 0, =jijT  and the temperature ( )yxT , , the following loading 

conditions on the boundary are associated 

( )yxtnT iCjij ,ˆ*= , ( ) ( )yxTyxT
C

,, *= , 2,1, =ji .      (4) 

Let ( ) ( )DCyxU 4, ∈  be the Airy stress function; thus 

ijijkkij UUT ,, −= δ , 2,1, =ji .        (5) 

By using 0, =jijT , (2) and (3), we obtain the equation (see [3], [5], [6]) 

( ) 00 =+∆∆⇔=∆+∆∆ ETUTEU αα        (6) 

which gives solutions to problem (P1): 

0=∆∆U , 0=
C

U , 0=
∂
∂

Cn

U
, 0=∆T , ( )yxTT

C
,*= .     (7) 

For 0=α , we have the plane problem of the elasticity (PPE) (i.e. without changing of heat). 

Assuming, in the absence of the mass forces, that 0rot =u
r

, then there exists the thermoelastic potential of 

displacements ( )yx,Φ , so that 

Φ= gradu
r

, ∆Φ== θu
r

div , iiu ,Φ= , 2,1=i .      (8) 

By substituting (8) in (4), we get (according to [4]) 

( ) ( ) ( ) i

i

T
x

,11 ανν +=∆Φ
∂
∂

− , ( )yxT ,
1

1
α

ν
ν

−
+

=∆Φ  (Poisson)    (9) 

If we find from (7) the temperature distribution ( )yxT ,  in D , the Poisson equation (9) has the solution 

( ) ( )∫∫−
+

=Φ
D

ddrTyx ηξηξα
ν
ν

π
ln,

1

1

2

1
, , for all ( ) Dyx ∈, ,    (10) 

where ( ) ( )22
yr −+−= ηηξ . Taking into account the complex representation 

2

zz
x

+
= , 

i

zz
y

2

−
= , we 

can construct by using (10) the potentials ( ) ( )zztyxT ,, =  and ( ) ( )zzyx ,, ϕ=Φ . Hence, equation (9) 

becomes 

( )zzt
zz

,
1

1
4

2

α
ν
νϕ

−
+

=
∂∂

∂
=∆Φ         (11) 

and its solution (10) becomes 

( ) ( )∫∫=
D

zddzzztzz ,, αβϕ ,        (12) 

with 
ν
ν

β
−
+

=
1

1
4 . Due to the linearity, we will split problem (P1) into two applications (A’) ( )UTu ijiji

′′′′ ,,,ε  

and  (A’’) ( )UTu ijiji
′′′′′′′′ ,,,ε , where 

iii uuu ′′+′= , ijijij εεε ′′+′= , ijijij TTT ′′+′= , iii ttt ′′+′=*ˆ , UUU ′′+′= .   (13) 

For application (A’), we find ( ) ( )zztyxT ,, =  from (7) and using (12), we compute ( ) ( )yxzz ,, Φ=ϕ . 

Now, we can find ijiu ε ′′,  by using iiu ,Φ=′  and according to (2), we find 

( )
ijrrijijT δµ ,,2 Φ−Φ=′ , 2,1, =ji . 

However, following the idea of Goodier-Lebedev [6], by introducing the potentials ( )zzt ,  and ( )zz,ϕ , one 

can formally verify some relations of Kolosov-Mushelishvilii type (see [2], [3]) and, solving (A’), we have 

( )dzzztuu ∫=′+′ ,21 αβ , ( )zztTT ,42211 αβµ−=′+′ , 

( )∫ ∂
∂

=′+′−′ dzzzt
z

TiTT ,42 121122 αβµ .       (14) 
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For application (A’’), we will transform problem (PPTE) into a problem (PPE) for U ′′  (see (15) below). By 
considering with (7) the absence of the stress caused by loadings for problem (P1), loadings for U ′′  due to 

U ′will appear. In view of 
CCC

UUU ′′+′== 0 , 

CCC n

U

n

U

n

U

∂

′′∂
+

∂

′∂
==

∂
∂

0 , we obtain the problem 

0=′′∆∆U , 1RUU
CC

=′−=′′ , 2R
n

U

n

U

CC

=
∂

′∂
−=

∂

′′∂
,     (15) 

where 21 ,RR  are given by U ′  on C . 

 

 

2. THERMAL POTENTIAL 
 

Consider a plane heat field which act in D  

( ) jQiQyxQ yx

rrr
+=, ,         (16) 

where Q
r
 is a potential which satisfies 

0div =Q
r

, 0rot =Q
r

.         (17) 

We have 

( )yxTQ ,grad=
r

,          (18) 

where ( )yxT ,  is the thermal potential (temperature) and ( ) cyxT =,  are isothermal curves. It follows from 

(17) that 

( ) 0, =∆ yxT  in D ,          (19) 

which is the heat equation. Let ( )yxH ,  be the harmonic conjugate of ( )yxT , . The relation between T  and 

H  is given by the Cauchy-Riemann relations. Thus, ( ) 0, =∆ yxH  in D , and ( ) kyxH =, are thermal field 

lines for which Q
r
 are tangent vectors. Now, we construct the holomorphic function 

( ) ( ) ( )yxiHyxTzW ,, += , with ( )zWT ℜ= .      (20) 

By using the complex heat potential W , we have (see [6]) 

( ) ( )∫ ∫==′+′ dzzztdzzWuiu ,21 αβαβ  in D .      (21) 

By using (15) with ( )
ijrrijijij TT δµ ,,2 Φ−Φ+′′=  and 

CiCi
C

i ttt ′′+′== ˆˆ0ˆ* , we obtain the following 

conditions for U ′′  
( )

CirrjijCi nnt ,,2ˆ Φ−Φ−=′′ µ ,        (22) 

i.e. 

( ) ( ) 1221 ,2,ˆ l
ds

d
U

ds

d
t

C
=Φ=′′=′′ µ , ( ) ( ) 2112 ,2,ˆ l

ds

d
U

ds

d
t

C
=Φ−=′′−=′′ µ .  (23) 

Therefore, knowing ( )yx,Φ  and using (22) and (23), we can find 1,U ′′  and 2,U ′′ ; thus 
C

U ′′  and 

Cn

U

∂

′′∂
 

can be found. Let 

( )sxxC =: , ( )syy = , ls ≤≤0 , 

be the arc-length parameterization of the curve C . Then, 







ds

dy

ds

dx
t ,
r

 and 






 −
ds

dx

ds

dy
n ,
r

 are the unit tangent 

vector and the unit outer normal vector to the curve C , respectively. In this case of (PPE) we have 

0=′′∆∆U in D and the boundary conditions (see [4]) 

( ) ( )yxRsU
C

,2 1=Φ=′′ µ , ( )yxR
nn

U

CC

,2 2=
∂
Φ∂

=
∂

′′∂
µ .     (24) 
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By solving the problem (15) with the boundary conditions (24) we find U ′′  and then we can compute the 
parameters for application (A’’): 2211 ,UT ′′=′′ , 1122 ,UT ′′=′′ , 1212 ,2UT ′′−=′′  and ijε ′′ , iu ′′  can be computed 
with the help of (2). 

Remark. In the case of problem (P2) when the thermal boundary conditions ( )yxT ,*
 are coupled with the 

given mechanical loadings ( )yxt i ,ˆ* , the argument is the same by adding to 
Cit ′′ˆ  in (23) the data ( )yxt i ,ˆ* , i.e. 

( )yxtlt iiCi ,ˆ *+=′′ .  Consequently, the method is based on the calculus of the potentials ( )zzt , , ( )zz,ϕ . 

 

 

3. THE BOUNDARY VALUE PROBLEMS FOR THE CANONICAL DOMAINS HALF-

PLANE AND CIRCLE 
 

3.1. The Dirichlet problem in a half-plane (DPH) 

 

We seek for a holomorphic function ( ) ( ) ( )yxiVyxUzf ,, +=  in the upper half-plane 0: >+ yD , 

knowing that 

( ) 0, =∆ yxU  in 
+D , 

( ) ( ) ( )xUzfyxU
yy

*

00
, =ℜ=

==
. 

By Cisotti’s formula we have the solution of (DPH) 

( ) ( )
ikdt

zt

tU

i
zf +

−
= ∫

∞

∞−

*1

π
, 

+∈ Dz . 

If ( )xU *
 is a rational function, we form the complex function ( ) ( ) ( )zUPzUPzU l

p

u

p

*** += , where 

( )zUPu

p

*
, ( )zUP l

p

*
 are the principal parts of ( )zU *

 for the upper half-plane 
+D  and for the lower half-

plane 0: <− yD , respectively. Then ( ) ( )zUPzf l

p

u *2= . 

Problem (DPH) with rational data on portions of the boundary is 

( ) ( ) ( )
( ) ( )




∞∞−
=ℜ

= ,,\,0

,,
0 baon

baonxg
zf

y
 

where ( )xg  is a rational function. The solution of this problem is 

( ) ( ) ( ) ( ) ( ){ }zPzPzGzgzf −+ −−= , 

where ( )
az

bz

i
zG

−
−

= ln
1

π
 and ( ) ( ) ( ){ }zGzgPzP u

p=+
, ( ) ( ) ( ){ }zGzgPzP l

p=−
. 

 

 

3.2. The fundamental biharmonic problem in a half-plane (FBPH) 

 

Consider the boundary value problem [4] 

0=∆∆U  in 
+D , 

( )xRU
C 1= , ( )xR

y

U

n

U

CC

2=
∂
∂

−=
∂
∂

, 

where 0: =yC  is the boundary of 
+D . We seek the solution of (FBPH) under the form ( ) ( )zFyxU ℜ=, , 

where ( ) ( ) ( )zyBzAzF +=  and the functions ( )zA , ( )zB  are holomorphic in 
+D . The solution to (FBPH) 

will be 

( ) ( ) ( )
1

211
ikdt

zt

tRtR

i
zA +

−

−
= ∫

∞

∞−π
, ( ) ( ) ( )

2
21

ikdt
zt

tR

i
zAizB +

−
−′−= ∫

∞

∞−π
, 

+∈ Dz . 

Problem (FBPH) with rational data on portions of the boundary can be discussed as in Subsection 3.1 (see [4]). 
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3.3. The Dirichlet problem for a circle (DPC) 

We seek for a holomorphic function ( ) ( ) ( )yxiVyxUzf ,, +=  in the disk azD i <: , knowing that 

( ) 0, =∆ yxU  in 
iD , 

( ) ( ) 

















−








+==

z

a
z

iz

a
zUyxUyxU

C

22
**

2

1
,

2

1
,, , 

where azC =:  is the boundary of 
iD . The solution of (DPC) is given by the Schwarz-Villat formula 

( ) ( )( )
( )

ikd
z

zU

i
zf

C
+

−
+

= ∫ ζ
ζζ

ζζ
π

*

2

1
, 

iDz∈ . 

If ( )zU *
 is a rational function, we form the complex function ( ) ( ) ( )zUPzUPzU e

p

i

p

*** += , where 

( )zUP i

p

*
, ( )zUP e

p

*
 are the principal parts of ( )zU *

 for the interior of the circle 
iD  and for the exterior of 

the circle azD e >: , respectively. Then ( ) ( )zUPzf e

p

i *2= . 

Problem (DPC) with rational data on portions of the boundary is (see [1]) 

( )




=
,\0

,,0

h

h

C CCon

Conyxg
U  

where ( )yxg ,0  is a rational function and { }1: +<<== hh

i

h aezC θθθθ
 is a portion of C . The solution 

of this problem is 

( ) ( ) ( ) ( )




















−−=

z

a
PzPzGzgzf h

2

, 

where ( ) ( )
zae

zae

i
zG

h

h

i

i

hh −

−
+−−=

+

+ θ

θ

π
θθ

π

1

ln
1

2

1
1 , ( ) ( ) ( )zGyxgzgh ,0= , ( ) ( ) ( ){ }zGyxgPzP p ,0= . 

 

 

3.4. The fundamental biharmonic problem for a circle (FBPC) 

 

Consider the boundary value problem [1] 

0=∆∆U  in 
iD , 

( ) 

















−








+==

z

a
z

iz

a
zRyxRU

C

22

11
2

1
,

2

1
, , 

( ) 

















−








+==

∂
∂

z

a
z

iz

a
zRyxR

n

U

C

22

22
2

1
,

2

1
, , 

where azC =:  is the boundary of azD i <: . We seek the solution of (FBPC) under the form 

( ) ( )zFyxU ℜ=, , where ( ) ( ) ( ) ( )zBzzazAzF −+= 2
 and the functions ( )zA , ( )zB  are holomorphic in 

iD . The solution to (FBPC) will be 

( ) ( )( )
( ) 1

1

2

1
ikd

z

zR
zA

C
+

−

+
= ∫ ζ

ζζ
ζζ

π
, ( ) ( ) ( )( )

( ) 2
2

2 2

1

2
ikd

z

zzR

i
zA

a

z
zB

C
+

−

+
+′= ∫ ζ

ζζ
ζ

π
, 

iDz∈ . 

 

 

4. APPLICATIONS 
 

Application 1. Consider problem (P1) for the half-plane 0: >+ yD  where the boundary 0: =yC  is 

subjected to thermal stress and there are no mechanical loadings. More precisely, we have the following 
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boundary conditions 

( ) ( )
( ) ( )




−∞∞−∈

−∈=
=

= .1,1\,,0

,1,1,
,

0

0 xif

xifconstT
yxT

y
 

According to Subsection 3.1 and (12), we have 

( ) ( ) ( )
1

1
ln,, 0

+
−

=+=
z

z

i

T
yxiHyxTzW

π
, 

( ) ( )
1

2
arctg,

22

0

−+
=ℜ=

yx

yT
zWyxT

π
, ( )

1
arctg, 0

−
−

−=
zz

zzT
zzt

π
, 

( ) ( ) ( )








−
−

−−−=
1

arctg
2

1ln
2

, 20

zz

zzi
zz

iz
z

ziT
zz

π
αβ

ϕ , 

( ) ( )




−−
−

−+
+=Φ

1

2
arctg

1

2
arctgx,

2222

220

yx

xy
x

yx

y
y

T
yx

π
αβ

 

( )


+−−+ 22222 41ln yxyxy . 

Then the biharmonic problem can be solved. 

 

Application 2.  Consider the thermoelastic problem (P1) in the interior 1: <zD i
 of the unit circle. The 

boundary conditions for the harmonic function ( )yxT ,  in 
iD  are 

( ) ( )
( )




∈

∈=
=

,2,,0

,,0,
,

0

ππθ

πθ

if

ifconstT
yxT

C
 

where [ ]{ }πθθ 2,0: ∈==∂= ii ezDC . According to Subsection 3.3 we have 

( ) ( ) ( )
1

1
ln

2
,, 00

−
+

−−=+=
z

ziTT
yxiHyxTzW

π
, 

( ) ( )
1

2
arctg

2
,

22

00

−+
−−=ℜ=

yx

yTT
zWyxT

π
, ( ) ( )

1
arctg

2
, 00

−
−

+−=
zz

zziTT
zzt

π
, 

( ) ( ) ( ) ( )






 −−−+−

−
−

= 1ln
2

1ln
221

arctg
1

, 22

0 z
zi

z
izzz

zz

zzi
Tzz

πππ
αβϕ , 

( ) ( )












+−−−

−−
=Φ 22222

220 41ln
1

2
arctg

1
, yxyxy

yx

xy
xTyx

π
αβ  

( ) ( )




−+
+−+−

1

2
arctgx

1
x

2

1
22

2222

yx

y
yy

π
. 

Then the biharmonic problem can be solved. 
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