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Abstract : In this paper we shall present a four degrees of freedom model for a half of an automobile. The suspensions consist of 

linear and non-linear elements, the non-linear being of neo-Hookean type. For this model we obtain the equations of motion, the 

equilibrium positions and we study the stability of the equilibrium positions. Finally, a numerical example is also presented. 
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1. MATHEMATICAL MODEL 
 

We shall now present the study of the motion for four degrees of freedom system that models a half of an automobile. 

The model is presented in figure 1. This model consists of the masses 1m  and 2m , which mark the wheels of the 

automobile, masses linked to the ground by linear elastic springs of stiffness 1k  and 2k , respectively. By wheels is 

attached the chassis marked by the bar AB  of mass M . The linking of the chassis is made by the non-linear neo–

Hookean elastic elements by elastic stiffness 1d , 1e , respectively 2d , 2e . The elastic force that appears in such 

element is given by 
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where 2,1=i , iz  marks the elongation of the respective element, and 0>id , 01 >e , 2,1=i . 
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Fig. 10: The mathematical model 
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The four degrees of freedom of the system were selected as follows: 1q , 2q  the elongations of the linear springs, 3q  

the displacement in the vertical direction of the gravity centre G  of the chassis and 4q  the rotation of the chassis with 

respect to the horizontal. 

We assume that there are known the dimensions 1L  and 2L  that define the position of the gravity centre G  of the 

chassis with respect to the two wheels and J  the moment of the inertia with respect to a horizontal axis that passes 

through its gravity centre. 

 

 

2. THE EQUATIONS OF MOTION 
 

The kinetic energy of the system has the expression 

2
4

2
3

2
22

2
11

2

1

2

1

2

1

2

1
qJqMqmqmT &&&& +++= . (2)

The forces, which appear in the system, derive from a potential, hence the potential energy reads 
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g  being the gravitational acceleration. 

We successively calculate 
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such that the Lagrange equations read 

( )
( )

0
2

3141

1
3141111111 =

+−
++−−−+

qqqL

e
qqqLdgmqkqm && , (6a)

( )
( )

0
2

2423

2
2423222222 =

−−
+−−−−+

qqLq

e
qqLqdgmqkqm && , (8b)

( )
( )

( )
( )

0
2

2423

2
242322

3141

1
314113 =−

−−
−−−+

+−
−+−+ Mg

qqLq

e
qqLqd

qqqL

e
qqqLdqM && , (8c)

( )
( )

( )
( )

0
2

2423

22
2423222

3141

11
3141114 =

−−
+−−−

+−
−+−+

qqLq

eL
qqLqdL

qqqL

eL
qqqLdLqJ && . (8d)

Let us denote 

11 q=ξ ; 22 q=ξ ; 33 q=ξ ; 44 q=ξ ; 15 q&=ξ ; 26 q&=ξ ; 37 q&=ξ , 48 q&=ξ . (9)
obtaining a system of eight first order non-linear differential equations 
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3. THE EQUILIBRIUM POSITIONS 
 

These are obtained at the intersection of the nullclines, resulting the system 
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Adding the first three relations (12), one obtains the equation 
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 Multiplying the first relation (12) by 1L , the second relation (12) by 2L−  and summing the results at the last 

expression (12), we deduce 
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The relations (13) and (14) form a linear system of two equations with two unknowns ( 1ξ  and 2ξ ) 
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the solution of this system being 

( )
( ) ( )

( )
g

kLL

MLLLm

kLkL

kk

kLgmLmL

kgMmm

121

2211

2211

21

222211

221

1 +

++
=

−

−−

++

=ξ , (16a)

( )
( ) ( )

( )
g

kLL

MLLLm

kLkL

kk

gmLmLkL

gMmmk

221

1212

2211

21

221111

211

2 +

++
=

−

−

++

=ξ  (16b)

We multiply now the third equation (12) by 1L−  and we add it to the last equation (12) obtaining 
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We multiply the third equation (12) by 2L  and we add it to the last equation (12) resulting 
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Let us consider for the beginning the equation (18) and let us denote 
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resulting the relation 
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In the sequence of the coefficients for the equation (22) there exists only one variation of sign and applying the 

Descartes theorem, it results that the equation (22) has only one positive real root. Making the change of variable 

zz −a , one obtains the equation 
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for which there exists no variation of sign in the sequence of the coefficients. Applying again the Descartes theorem, it 

results that the equation (23) has no positive real root and therefore the equation (22) has no negative real root. In the 

end, we obtained that the equation (22) has only one real root, thus the equation (18) has one real root, too. Let us 

denote this root by 1z . Proceeding in an analogous way, one deduces that the equation (20) has one real root and we 
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We obtained that there exists only one equilibrium position defined by the relations (16) and (25). 

 

 

4. STABILITY OF THE EQUILIBRIUM 
 

Let us denote by if  the expressions in the right-hand side of the relations (10) and let be 
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The characteristic equation 
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Multiplying the columns five, six, seven and eight by λ  and summing the obtained results to the columns one, two, 

three and four, respectively, one deduces the equation 
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The relation (39) is a bi-square equation of the fourth order in the unknown 2λ . It also offers the condition for the 

equilibrium position to be stable or unstable because it imposes a relation of connectivity in the space of the parameters 

1k , 2k , 1d , 2d , 1e  and 2e . 

 

 

5. APPLICATION 
 

Let us consider the practical case for which 
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We shall create the next table. 
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Table 1: The solving of equation (168) by the Lobacevski–Graeffe method 

Step 
0a  1a  2a  3a  4a  

0 1 37333.333 356959997.7 11105872.1 ⋅  131036533.1 ⋅  

1 1 –679857763.5 1710156.1 ⋅  221054.1 ⋅−  2610864.1 ⋅  

2 1 1710310.2 ⋅−  341033.1 ⋅  441095.1 ⋅−  521047.3 ⋅  

3 1 3410668.2 ⋅−  681078.1 ⋅  881073.3 ⋅−  1051021.1 ⋅  

 

 

Let be the function 

RR →:h ; ( ) 1311234 1036533.1105872.17.356959994333.37333 ⋅+η⋅+η+η+η=ηh  (59)
for which 

( ) 1123 105872.14.7139199891120004 ⋅+η+η+η=η′h , (60)

( ) 4.71391998922400012 2 +η+η=η′′h . (61)

The equation ( ) 0=η′′h  has the roots 
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wherefrom 
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In addition, 
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such that the equation ( ) 0=η′h  has three distinct real roots. We also have 

( ) 01042.4230 12 <⋅−≈−h ; ( ) 01036.11 13 >⋅≈−h ; ( ) 0108.318000 12 <⋅−≈−h ; 

( ) 0101.45000 15 >⋅≈−h  
(65)

and therefore the equation ( ) 0=ηh  has four distinct negative real roots. 

From the table 1 we get 
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8
3
3

3
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⋅
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a

a
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Result the roots of the characteristic equation 

i76.1411 ≈λ ; i76.1412 −≈λ ; i05.1303 ≈λ ; i05.1304 −≈λ ; i62.185 ≈λ ; i62.186 −≈λ ; 

i76.107 ≈λ ; i76.108 −≈λ  
(67)

and all of them are pure imaginary, the equilibrium being simply stable. 

 

 

6. CONCLUSIONS 
 

In our paper we presented a model for a half of an automobile with neo-Hookean suspensions. We obtained the 

equations of motion and the equilibrium position. We proved that there exists only one equilibrium position. For this 

equilibrium position we discussed the conditions for its stability. In the end we presented a numerical application and 

we solved it completely, obtaining that the equilibrium position is simple stable. 
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